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'Deflm-l—.ion 4.\

A grovp is a set q e%uiF?ed wetdh  a binana oFem-&san * that sa&sjies

Gt (Assxja-hv\-ba) For all a.b.ce§ , we have (axblsxc=ax(bxc).

gn) (Exstence cf ldenb-ba) There exists e€§  sudh Haat fvr- al ae§ ., we have axe:exa=a.
G2 (Existence o} Inverse ) For all ae §, there exsts be§ such that axb:bxa:e.

Caurtion : For simFlicrha . Some SMFI‘G write  ab instead cf axb and yveaders mawy
misurderstond that a %ﬂo«r oFera'bon must be a vnml-hk[:licq":ton.

Ife(isaxgrma‘:a.-&\ev\-ﬁr\e ordercfc—h?sdegimd as Hhe Cardivxalrbaoﬁe\,whtdr\ is
dencted bta gl . ln ‘Fa.v-b'«mlav-, f G has -fim\-be Number of elemersts | G| 1s vat “he
number of elementts crf <H

Es«mm?\e 4.\

2 widh usuwal addrbion + s a grovp and tre ldad:l-hé elemenst ©.

Z widh  usual vnul-h'cFlica&on ~ 18 _NOT a growp (idewt‘d-..a =1 ., bst © has no inverse ).
27> 2 \fo} with usuwal mutbplication - s a NGT grovp (idenstitiy element <1, we know
2L =Ll.a=  bat Lz )

|v\-facb, Q. R ond € witdh usual  addrbions are qrowps -

Slmllav-l\a ., B I, K-Rufo} and C=CA{c} witdh  usual mul-l-::FlicaEnovx are . groups..

ExamF\e 4.0

Z2foz - {[s1.01. -, Dn-0} it addtbion + IS a qrovp and e ldevvt'rbg element ).
(Z4z| - w.
Remark : Sometimes , fw- s‘umF\ic‘rba . e bracket [ 1] maty be dvoFFed.



EmMF\e 4.3

Z4a) = {laleZhiz = gedtanmy= 1} with mukplication - 8 a growp and
the identrty clement [
O Prove ek 1 fal.thl € (24a) . then Table (Z4as -
(Le. ‘f %cd(a..n):%cs:l(b.n): (, then %cd(al:.v\)zl )
2) rg %cd(a..n)-.l then there exist b.qeZ such that abangsl .
Therefore, cacd(b.n):l and so Thle (Z4z) with [allbl-0i.
l(z4z) | = P

Exaw?\e 4.4

MaxlR) = the set °§ all_ nxn real matrices  wih  wmatrix  addrtion

is a grovp and e idewb'rba element s fhe zero wabrix O,.

GLAR) = the set of all_nxn real matrices withh  nonzero  determinant

widh  wabrix vnuJ'EtFlicaﬁm s a %er and e 1dewﬁrh3 clement is the Ie\evfb‘b.a watrix T,
SL.(R) : the set of all_ nxn  real matrices witdh  deteeminant. | .

wita  werbrix mml-blFlica-ﬁm s a %m”F and Hre Ideyvtﬂ-hg clemenrt s the idewd'ha matrix T,

ExamF\e 4.5

Let A be a nonempby set ond let Sp= 1F: A=A bijectvel.

Then Sp wrdh -dne Composttion of -f\mchons fwvns a grovp and He ldew(-rhg elemerst.
is the Idewﬁrba_ -fwxcbov\ on A.

ln Farl:‘xcvslar-, ‘\f ALz tren ISpl=nt

’Deﬁln'rEion 4 2

A Qo (G.») s abelian nf axb-bra -fov- al a,be§ (ie * s commtative ).

Note Hrat : QLR and SLMR) are not. abelian.




'R-uros\'ﬁcv\ Ly

Let (§.%) be a aoup ad let a.b,ceq.
1) (Lefl cancellation) B arb-axc  then bec.
2) ('Rigkh cancellation) l-f bxa:cxa ,then b:=c.
prsf
Suﬂmse ok axb:raxc.
B'a chs ,there exists de§ such that a'xa axa’'=e. Then,
axb-:axc
adx(axb):a*x(axc)
(@*xa)xb =(ad*xa)=xc C'gl)
exb:exc

b=c C: fl'z)

Comuma 4.\
Let (§, %) be a ng.-w\en inverse. cf an elemert n G is nigue..
[
lebt aeq . Suppose  that b.ce@ are inverse cf a , then
bxa =cxa =e
b:=c ('Rigkt cancellation)

-1

Remark : Since  Mverse °§ an eleament ae§ wmust be wi%u\e,we.deysctg tt as .

Think : s the 1verse d§ a s%uarv_ matrix  witdh  nonzere  determinant wigue 2
s the mverse fwrxchm cj a \ot:)ecbve_ -iuwctiovx f: A—-A wr\i%v\e 2
'Doweneed-b:?mve'ﬁr\e.a\oovemham?

Exercise 4.1
Let (§.%) be a qrowp Show gt idewtrhg element in § is wﬁ%\e..
Remark : The wigne idewb-ha element n § is uswz.ll\a densted b.% e.




—Defln'r':ion 42
|f a subsekt H °§ o grevp (G§.%) 1s closed wnder *  and zf H with -the  induced O'Fe‘abovx

-fvow\C—] zs'rbekfa %m‘;-(:\r\ev\ H\ssmd-bobzqsub%mu\? 056‘1.
In 'Fa.v'ﬁ\cmlar, Q\ler‘.a %va\F has a trivial subgmw[; fe}.

ExamF\e, 4.6

Llet neZ and wz-{naezZ:aezl. Then wZ s a su\o%rour 05 Z  (urba ).
lfvwl and lek H={ha+1eZ:aez} ,tren H s nst a %V'bv\? Since
Hdrere IS wno hl:wb‘dua elewentc .

Exaw?\e 4.3
SLLR) 1s a s»\\angf uf SL.®.

”Pm‘»sram 4n

A sWeset H o§a3m«\>e\1sas¢%mu\>c§q-r§avd m\‘a\f
D H s closed  wnder -the reataps cPensﬁuh 95 <,

) the ﬂey(b'bg clement e of S s ™ H.

2) -fm— al a mnH , a' is aso in H.

Exercise. 4
Let P:{(Z-’:) . a.beR , dxb g0}

Show Hrat ® with  matrix mu\'(:’«rlicar(ﬂm IS a sm‘ogm,\? c-g QLR .

Growp.[somorphisms.

befwhm 4.4

Llet G. G be grovps .

A function £:G =& s said o be a grovp kommorrw.sm From & o & ‘f
j(ab):f@jdo) fm- all a.beq.

[ Par(:\quor, l‘j a bi\')echve %V‘b\o\‘r l‘\ow\omor])l'\isvn is said 4o be an %m‘r ‘tSomov?kisw\.

iSomorphism = Same.  sbructure




Exa.m?\e, 4 8

Let -f:e.\_.\cm — T dej?med b«a j(A)rclet(A).
Then 5(1—\3) = det(AR) = det(A) - det(R) =§u=o'§® .

So -f is a %mwr komomorPhiSvn.

Exaw?\e 4.9

Let $:C— @ defined by $larbid +(372).

‘f((a-&b'i.) (c+di)) = f((ac-Bch-n-(adqbc)i) =( :::l:‘: -(Zi':::')) = (i 'q)(:"i) = f(od-bi\ » f(c*-di\
f is a %roul: hovmovno\r‘FWSM.

Also, -f 1= Bi)ective. (exexcise) , So -5 s a Sm’? 1sow\°r‘>k\sm.

'Rrvros‘r‘:ien 4.4

Let §:@ =& be a group homomorphism.

1) $ serds the dotiy element e of & o the identrby elemert e of &

2) fu‘hf@“' for all_acs.

3) \f Hisasdam cfe\.'ﬁ/\em-ﬁr\e.im%e. oj deer-f s a_ Subgroup § &
4) \f H s a subgrovp % G .then e preimage cf H under $ 15 a subgroup of &

Copte Groge
Let (§.%) be a ot and let ceq.
We. denste  axa b\a a ., a Ima a e B\a a ., dsal l;.a a> and so on  then

-H'oPosrb\m 4.5
<a> = §d: nezd isa,sdn%vu,chG ard * 8 said 4o be the cadic_ smlp.grewr %enen:tec\ b\ga.

Emvm?\e. 4.10

cos © -sSind®
Let Re’(stne cose)eS\-t(m
Note TRe = Rpe , S0 <Rg> = {Rpup : nez}

In Fm-bieu.lw- «f 5:20% here a.beZ’ and %cn\(a,b}:l, <Re> has ab elements .




Esmw?\e 411

Recall: (Zfsz) = {11,051, 1. 553, TR . Tl T3, 043 worbda ruliplication is aqroup..

Note -that [31 =[41 . [3T-031 , ;317-03.

L <[31> = §01, 031, 4], G2}

L is the identrty element and T3] BT-GTRI-6 0] » ;3] =GF-Ia] and 01 =63
41033 = 43 = 0] o 4] =[]

Caution : (-f “the grovp O‘Ferq't’uon cf Q is an addition , then we have axa-=axa ,
instead c-f wv-'r(:ivr\% a . we write 2a.

Exmv?\e 4.2,

Recall : Zfey = {16103, 1., 041} wrth  addition ® a areup

<[21> = {nl=] : nezd - {0c1.031, 061,81, 0233 .

<W41>= {nl4l : nezl- Zsz2 (\«)\N.g 2)

Exevcise. 4.3

Show  that %c.d(a.n)ﬂ \f and cml.a «f <lal>: Z{z .

(Hivk : There exist s, t ez sudh that assnb=1.

lf osbsn-1, then asb+ntb:b ard so [blec<lals (u‘m?' 2) )

bef\vﬂ'ﬁo\n 4.5

A qroep G is said ®o be a caclic. grovp ij & =<a> fw some aeq.
ln this cose , a is said ~+o be.o.aenera‘&or of .

Exavv?\e 4.13

and -1 are -he onlcé %enera'bov- cf Z.
Ll is a %enemtbor of Zjz \f and ov\l.a ﬁ %cd(a,n)ﬂ

1 i l/—\lf-\l/—NI/Nl
L3 2 -l e 1 o2 3

%Jnert:br




Exaw?\e 4.\4
(Zfsz) is not a c;acllc grovp -

(Z/s2) =<@El> = <=1>

(See exaw.F(e 2.11)

n %er\eral . Zp2Y s a aadic %rouF 1& and Ov\lta- f t has a 'Fv-iw\'rhve root .

’Horosrew\ 4.5

let G be a ayclic oroup .

N K & is a fte oroup and |Glzn ,then G is isemorphic to 24z.
2) lf G is an 'mfln\-be. oroup “‘then § is '|s°mor1>‘/\'|c. +o Z.

(le. K s\xﬁices —+o :b«d«a 2l ard Z r§ we. would like o Shnd\a cxacl’\c grovps-
Idea uj :Froof uf (W :

Let Geca> and lG(l=V\..‘De?V\e. f:G—’Z,(«Z b!a -j(a:‘)-r.:)] fw all JeZ.
Show  that '5 is a g_rbv\r 'lsew\m“:v\/\ism.

Exav«Fle 4.5
(Z/s52) is isomorphic to 2/4Z .

[2] s L] 131 s 0]
[aT=141 +— BI-a0] [4]1 +— [2]
[2T=I3]  [31-301 [2] o [3]
L2111 s Sl 403 Ll s o]

However, dheve are -bao d\ﬁerev\'h ISQvnov-me.




Cosets and La%mn%e.'s Theorem

'Prbros'rbion 4.6

Lethea&alo%mech%rouF §. Let ~_ and ap be relation deflwed ovx(‘.—.lma
amb B ard oy f dbeH . and angl f and only # ab'eH .
Then ~g and ~are e%uivalencz_ relations  on &.

Q~Lb = o."BeH < bah -fcr some. _heH

L a
h |be-ah
)

Idea : Elements n the e%uivale.v\ee_ dass [ are in fom cf ah , wheve heH.

-sziwr'cion 4.6

aH:=f{ah:heHY and Ha:=fha:heHl are sad 4o be -the le?&, and ﬁgkk coset oj =

chbal\r\in% a reSFec:ﬁvelua. Cln fact . aHd and Ha are jvsb echwaev\ce. classes cf a
wrth rulxct *o ~L and ~ap.)

) ‘x«-ﬁm‘av-, f § is an abelian Ao - ard ap_gves the same relation on &
(a'beH & (a'b) :k'a-ab'eH) and aH:=Ha.

Estaw?\e 446

Lek neZ' and let wZ = {nb :beZ} be a Sub%\'owF cf Z.

All left coset are a+nZ:={a+tnb : bez? where azo,t,3,....n-1

Idea - l-g eadh e%,\ivaience class has -the same nuwmber cf elements , then

# elemenkts in § = # e%nivaley\ce. classes x # clements oj- on Q%A'Nalm class

Gl = TG H1 = IHl

(The e%malence class °§ e s H.)




Lewma 4.1

LeEHbeasuB%mech%mFaandlebaeﬁ.

Then ffH—nzH deﬁned bua f(h)-a.ln S a bi)ect:'we fw\d:.lovx.
(so laH|=IHI for all aeq.)

Theorem 4.1 CLo.%mv\%e.'s Theorem )

Let § be afweg oyop and et H be a sMbgmAF og §. Then |H|{Ig].

lmmediccte. conse%v\emce. :

'Pro?os‘rtlon 43

lf G is q %mmr cf order P wheve P = a -l;ﬁme_ then Q is isomowrbﬂc <o Zpz.

preef:

Since lGl:le , we can toke ae@ sudn that ade.
Note trhat e.ac<a> and so lca>l > |

'B;a Ln%mn%?.'s “Hreorem , [<a>| - p and So G:=<a> which 1s is<>mcq>\«'\c. +o 2z

PvH:hcahon 4o (Zhz) -

Let asZ with godta.n) , then lale (z42) .

Corsider he ache suogrovp <lal> of @42 . Then we have |<tals|| |@4zY| = pen
Therefore , the order of a = |<Gls| | gt which proves Euler's theorem.

Exercise 4.4
Show that Zfhz has emc&\s.s one. S\Ja%n»\? of order d dtvldi\r\% n, and that -trese

are. all -dre S\A\:)%\'UA‘FS tt has.
(Hivek f dln , let maQ- .

Show drat <iml> s Hhe on\v.a SMB%MF uf oder d in ZMhzZ.
The last statement i ﬂvamwteed b‘a Lag—cwae’s theorem . )




ExamF\e 4.3

Z/2z s a cxadic 3rou:‘> ard  1,2,3,4,6,12 are all divisors c? 2 .
‘l'herefere. , ™ has 6 sdogv-ou?s :

sdogv-aurs cﬁ Z/az '(Scwm-F\Atc. +o Nuwber cﬁ %ar\en:rtor(s)
{re1} ~rivial group Py = 1

{le1, 061} Ziz Q=

{le], 47,0813 z/3z VISERS

{le1, 21,061,911 Z/4z P) =2

{le1, 21,041 061, (8] . o1} z/62 I EPY

{1, 013,021,031, (41, [51 161,031 .081. 191, ol L1l } z/nz pl) =4

Those marked in red are %ev\e.mbors cf “he cmesFov\dM%_ c;acllc. SM‘::%\'O\A?S.
Observation : Eadh element. in Z/oz is a %evxemknr cf mctlta one Sv&o%mv\?.

'P\'Uros'\‘ﬁlovs 4R

n-= Q‘Z‘e\ s

Py

Claim : Eadn element. in Z/nz s a generator cf exactlua one S\A:%ruuP.
Let osasn-1.
Note that <lal> is one of +he su\o%vbv? cf 242 and [ dself is a generator.
Alse 2] cannst be a %eneral:or of e distinct sdoarou\?s Since.
“their orders must be  distinct .

'W\ersze e Sum of number of %e.v\en:tbws e%\als 4o tre viwmber cf cemerts n ZAZ
which iwa\Ies n= d?l'v.\. ge(d).

C,oml\ana 4.9
If 'F and 90 are Pﬁwes ~then \((F%h cF-n(%-n.

procf:
B‘é proposttion 4.8, P9, - dzl;:z“’(d) = (PUD + PRI+ + P )
= 1l (F-l)‘l'(tl) 'Hf('f%)
BN & S S e e S
= (’F-\)(%—\)




Con:l\ana 4.3

lf pisa ‘Fﬁme ad keZ', then Yt\>“?=">k~‘>k".
prosf-

N When k=t , *f('P:‘F-l

2) Assume thgt &P(‘P'MF"-'F"" -j’o\r =12,k

Then . b\a_ propostbion 4.8, (o
o) k ]
Pe T Z o0 =g Z ) s U gt
Y(,Fk'\'l) - .Pk-H_.Fk

'B-a mathematicol  induction, ‘f‘?k.“?k_?k-l -jov- all keZ'.

Qlass’rgicatiov\ csj Fiv\rﬁelva Generated  Pbelian C—,[rw\?s

?rvros'r&ien 49

Let (Gix) be grovps 'for 2,2, N

Let G-fla- {(%‘,%,,...,%,,)= gie€il and define a binany cperation x on &
such that  (a,.ay.---.00) (b, by, ba) = (@b, , aux o, - Quralon) .

Then (§.%) is a arovp -

‘Deﬁ\vﬂ"dev\ 43
An abelian %ﬂmf G s said to be -fv\ﬂ:el% %enexu'&.d 'lj “there edist -flnrbeh& maniy %.,---,%,\ee‘

Such that every xe§ can be ex‘xesseql as x=gf\'gr‘---%?“ fm— Some. M, s, -, M EZ.
n ths case |, {%,,%‘,...,%,;; is said to be a %a\erattm% set .

Remark: A 'S'lv\rte. abelian %vour must be fn\-tel-.a %evxe.ru'&zd

Exaw?‘e 4.8

(Zﬁsz)z {Lo.m1. 3. ELIR1. L. U311} e a fw(—.el.é %enemrﬁe_d abelian Growp %enen:tted
b;a ] and [F]  Since

° ° ° 3 °
1°0) =01, (10 =6l |, (21 (30l |, [2) 50 =0€

(-] ] [} 3
A= i N e = M 177 IO = M e P I e T

Es(aw?\e. 4.9

2y ~2Z s a flvﬂ'(:elta_ %emeru'&.d abelian growp %ev\exu'ted \ma (o) ad (o,1).




Exaw«Fle. 420
Qi1 nok iV\i'Ee.\lg %evxen:bed. (w\f\\a 2)

'P\’UFQS]'HDV\ 4o

Llet mneZ'. The qrovp Zfot % Zloz s Qgcddic and s 'lemoYF‘n'\c +to Z/fenz 1:f and onlxa, if
m,n are relaﬁvelva prime..

poct:

e’ \f wm,n a welab‘we.\‘a prime  Hhe lambmn) =mn .

Consider -tdre Su\ogvm\r <(, 0>,

'.-j- r s the least postbive i ~ Sudh dthat r(1,1) =0 ,then r=lombnn)=mn .
Tl«erejove, <ol amn and  Zpwz x 24z = <CLLO> .

=N Suppese that gedmmr=d > 1, then B 15 divsible by loth w_and n.

Then For ana (. SD € ZwZ x 2foZ , e have PP (e = (0.0

(ie. none cf them is a generator 1)

Com(lana 44
The qroup i-\f‘ Zfmz s c%cltc ard 15 isomorphic €0 Zfnmy-iweZ lf ad oV\lla nf
%CA(W\LM\") =1 -fm- all 't#j .

Emv-?\e. 4.21

I = 8+x8 and %Q:I(Q,O\)n . So Z/8z «Z/az s '|$omor1>k\c. *o ZfMAn vich s a oadlc Froup

Exanm?\e 4.22
2t~ 22 s nst a c:aclic. growp oS %cﬁ(ﬂ-,’:.)-—l>l.

Exercise 4.5
Let w, ma, .., ma€Z and let d:lomlm, me,--m) -

n
Rrove daak d(%‘.%;,---.%.o=(o.o.---,o) fov- all (g .qn.-.ade :(I‘Z,ﬁn‘l.




“Theorem 4.3

Evena fm-&alaa_ %ev\ex-a&ed abelian yroup G s ISomorFklc +o Z//F,'"Z x Z/Ffaz %eeex F,'f_**z «Z

where P Pmoare ’Fﬁwes (ot net necessany 4o be distinet ). k,,...kmeZ and r=o
The Fmdvcb is wﬁ%\e wp o reav-nar%enew‘:. af -fo.c&or-s

Exaw?\e 4.23

Note that 260=2 =L x5, So an abelian growp of order 360 s isomorphic 4o exactiy,
one cf “the below :

O ZAZ x ZhZ x 2h2 x 232 « 22 « Zls2

2) ZAZ x Zkz <« 2Rz « 2Rz « 22

R) ZAZ x 2hL « Zhz « 2@z « Zlsz

4) ZAZ « Zlsz « Zlz « Zlsz

5) 282 « 2z « 2R72 « Zlsz

&) Z/3z « Zlz « Zlsz2

Exav«F\e. 4.24

(ZASZ)Z {00,011 E1LIRI. L. U31.043Y i an obelian group cf order qu)=8-z‘
(ZASZ)* s 'lscmor-lalnic. +o one of the below:

Zfs2 < 2fr2 <22 . Zfsn < Zfx2 , Z2/%% .

However , we. have

G 0, a1t e Bl |, (ol 0 =], [a] 0= 8]

RIS 5 WO S = 7% NN S R 5 A e, N S w5 (1

ord we can See 5:2/47‘ x Zfu —> (ZhsTY” dej\ned \316 ‘f(m,n)=[§?-'—|~“]

%Nes a gmu? ‘(sow\ov-Fl«C\sm.




